We consider the effects of parametric perturbation on the onset of chaos in different dynamical systems. Favoring or suppression of chaos was observed depending on the phase or the frequency of the periodic perturbation. A lowering of the threshold of chaos was observed in an electronic device simulating a Josephson-Junction model and the suppression of chaos was obtained in a bistable mechanical device. We showed that in case of spatial instability in a sample of liquid crystal, the action of the parametric perturbation is to modify the velocity and the onset of the defects.
Introduction
In 1965, an interesting paper appeared where Wehrmann [1965] was able to suppress turbulence behind a cylinder in a moving fluid. The basic idea was to put in vibration the cylinder with a suitable feed-back using the same fluctuations present in the turbulent fluid. A complete laminarization was obtained. Turbulence is a phenomena related to a system with infinite degrees of freedom and it is natural to wonder if parametric perturbations can modify the onset of chaos in low dimensional system as well. In 1990, Lima and Pettini [1990] showed with rigorous theoretical consideration that resonant parametric perturbation can remove chaos in low dimensional systems. They confirmed this prediction with numerical simulation. Furthermore, Cicogna [1990] showed, using a Melnikov Integral [Melnikov, 1963] , how to modify the threshold of chaos by resonant parametric modulation.
Considering that these works were essentially of theoretical nature, it was particularly interesting to try to verify these predictions in real systems with an experimental point of view.
In spite of the development of other methodologies for the control of chaos, e.g. [Ott et al., 1990; Pyragas, 1992] and more recently [Boccaletti & Arecchi, 1995] , the techniques for controlling chaos with parametric perturbations remain a good method when it becomes impossible to apply feedback on the systems. In the next sections we will reassume the experimental results that have allowed us to verify these predictions [Cicogna & Fronzoni, 1990; Fronzoni et al., 1991] . The validity of this kind of methodology has been verified in other experiments performed in several laboratories [Azevedo & Rezende, 1991; Braiman & Goldhirsch, 1991; Meucci et al., 1994; Ding et al., 1994; Chizhevsky & Glorieux, 1995; Chizhevsky & Corbalan, 1996] .
The Influence of Parameter Perturbations in a Josephson-Junction Model
We considered a model that describes a wide class of phenomena that can be reduced to a pendulum in the presence of forcing and viscosity. This equation can be resumed in the following equation:
where δ means the viscosity coefficient, γ the amplitude of forcing and ω the frequency. This system behaves chaotic in a range of parameters γ and D as widely described in an experiment [D'Humieres et al., 1982] , where an electronic device was used to simulate Eq. (1).
We repeated this experiment but with an important improvement, which is to consider the coefficient D as a modulated control parameter:
where Ω means the frequency modulation, ξ is the amplitude and θ is the difference of phase between the modulation and the forcing.
In Fig. 1 we show the scheme of the circuit which simulated Eq. (1) using minimum components technique [Fronzoni, 1989] .
The main element of this device is the Voltage Control Oscillator (VCO) that provides an output with frequency depending on the input V 1 according to the relation
M 1 and M2 are multipliers, and without going into great detail, it is important to know that the phase φ of the voltage at the VCO-output is described by the following relation:
With suitable time-scaling this relation is equivalent to Eq. (1) which includes the modulation term.
To study the influence of the modulation we fixed the amplitude and the frequency of the modulation, then the forcing was increased until it reached the threshold of chaos. In this experiment we used forcing and modulation locked with θ = 0. The prediction of the chaos threshold can be obtained by means of the Melnikov Integral. After some approximation [Cicogna & Fronzoni, 1990 ] one deduces a simple relation for this quantity
and B = 2πξΩ 2 csch(Ωπ/2) .
Assuming ξ > 0, chaos does not appear if
It is important to observe that the sign of M (t 0 ) depends on the sign of ξ and θ. In other words the threshold of chaos is defined by the relation of sign between the amplitude modulation ξ and the phase θ. For instance, ξ > 0 and θ > 0 provide a lowering of the threshold of chaos. Figure 2 shows the results, which are justified by this theory where one has to expect a lowering of the threshold of chaos versus the amplitude of the modulation. The quantitative differences between the experimental data and the theoretical predictions are due to the approximations used in the computation of the Melnikov Integral.
When we performed this experiment we were not interested in observing the suppression of chaos, nevertheless the Cicogna' s theory predicts this possibility. Only favoring chaos was experimentally verified with this kind of apparatus. Prodded by the theory of Lima and Pettini we performed another experiment with the specific intention to verify the suppression of chaos in a real mechanical system.
Suppression of Chaos in a Bistable Mechanical Device
The motivation behind this choice arises from the fact that the theoretical predictions could be invalidated by the incomplete correspondence of the model with the reality. This could cause doubts on the true possibility to remove chaos in a real system. For this purpose we restricted our choice to a bistable system as illustrated in Fig. 3 and modeled by a Duffing-Holmes forced oscillator [Moon, 1997] . A metal beam was fixed over an oscillating plate. Two electromagnets are located near the free-end of the beam. This system is approximately described by this equation:
The parameters α and β are obtained by a direct measurement of the equilibrium position ±x 0 and resonant frequencies ν 0 for small perturbations, according to the following relations:
We get the modulation by sending a periodic current into the electromagnets and this modifies the parameters α and β:
ε and η are the modulation amplitudes and ν m the frequency modulation. Figure 3 shows the experimental configuration used to control chaos. The shaker drove the plate with a frequency forcing ν f . An optical detector read the oscillation amplitude of the beam. This signal and its derivative were sent to the x-y input of an oscilloscope. If the z-axis of the oscilloscope was triggered by the forcing, a Poincaré section appeared on the screen. With this technique we were able to know in real time the state of the system without computations. Fixed dots on the screen indicated order and spread points on the screen indicated chaotic dynamics. According to the Lima-Pettini theory it is possible to suppress chaos if the frequency of the perturbation approaches the values of the characteristic frequencies of the system, including harmonics.
To observe the suppression of chaos we used the following procedure: We fixed the driving amplitude and its frequency to observe a strange attractor on the screen and then we sent a periodic current into the coils. The frequency of this perturbation was swept around the values of the driving frequency or around the harmonics. (c) The average duration of the ordered phases was proportional to the reciprocal of the difference ∆ν = ν f − ν m .
A way to get numerical evaluation of the resonance phenomena, was to send the derivative of φ-voltage to the input of a Lock-in instrument using the amplitude modulation as reference signal. Peaks in the response of the Lock-in indicate ordered state synchronized with the modulation signal. Figure 5 shows the Lock-in output versus the frequencies modulation. Resonance at the forcing frequency and at the second harmonics are evident. These results are well explained by the theory .
Parametric Perturbation on Spatio-Temporal Instability
The onset of chaos in spatio-temporal dynamics is characterized by the appearance of defects or topological defects. The behavior of these defects become more complex when a control parameter approaches the chaos threshold. For instance, the number and the velocity of these objects are increasing with the control parameter.
Due to the absence of regularity in the behavior of these defects its results are too ambiguous to define the threshold of the spatio-temporal chaos. In fact, in spite of the presence of a few defects in the structure, they assume chaotic motion just for a small increase of the control parameter.
To study the influence of parametric perturbations on this kind of system, we considered an electrohydrodynamic instability [Williams, 1963] that appears in samples of nematic liquid crystals in the presence of electric field. Nematics are organic elements characterized by molecules with rod like shape. These properties induce an ordered configuration where the molecules prefer to stay in a well defined orientation around a mean value. A vector n called "director" defines this orientation. In our experiment the nematic was closed between two conducting glass plates. The internal plate surface was rubbed in a well defined direction. In this configuration the molecules assume an orientation parallel to the rubbing direction. When an electric field is applied on the sample, fluctuations of the molecular orientation induce spatial charges inside the nematic. The charges are generated by a current perpendicular to the field because of the anisotropy of the nematic conductibility. The interaction of the spatial charges with an electric field cause movement in the fluid. This motion arises over a critical threshold of the field and a regular pattern appears on the sample, as shown in Fig. 6 . The image is obtained observing the cell with a polarized microscope. Dark and white lines correspond to opposite velocities of the fluid in the sample with rotation axes parallel to the plates. As the electric field is increased topological defects broke the regularity of the structure. Two examples of these defects are shown in Fig. 6 . These defects are well described by the Landau-Ginsburg theory [Ginsburg & Pitaevs, 1958] .
In our experiment we used MBBA ( Methoxybenzilidenebutylaniline) inside square glass plates of 2 cm size and separated by 20 µm. We applied on the sample an alternating voltage at the frequency of 10 Hz. We perturbed the system by means of voltage amplitude modulation of the order of 10%. Figure 7 shows the velocity of the defects against the frequency of periodic amplitude modulation and a resonance behavior is evident. This experiment was repeated with the same sample 30 days later obtaining a good reproducibility of the phenomena.
It is important to note that a modulation of 10% of the forcing at ν m = 0.5 Hz induced an increase of the order of 50% of the defects velocity. Considering that the increase of defects velocity precedes the onset of chaos means that parametric perturbation induces a lowering of the threshold of chaos in this kind of instability.
Conclusions
In these experiments we obtained suppression or favoring of chaos depending on the frequency and phase of periodic perturbation applied on different systems. Moreover an interesting result was obtained in a sample of liquid crystal where the influence of perturbation modifies the velocity of defects in spatial structures. This behavior suggests that parametric modulation can modify the onset of chaos as a consequence of modifications of the dynamic properties of the defects in proximity to the turbulence threshold. In order to explain these last results we have developed a phenomenological model and are in the progress of further laboratory experimentation.
